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I. INTRODUCTION
In the investigations of partial optical coherence in random scalar wave fields in the space-frequency domain, the theory of coherent modes plays a central role both from the practical and the fundamental point of view ͓1,2͔. Although the theory is more than 20 years old, apart from a few exceptions ͓3,4͔, it has mainly been applied to two-dimensional ͑or beamlike͒ scalar fields. Furthermore, a rigorous formulation of the coherent-mode theory for general electromagnetic fields has not been available, until very recently ͓5,6͔.
In this work, we apply the theory of coherent modes, both in the scalar and electromagnetic formulation, to certain specific three-dimensional, statistically stationary, homogeneous, and isotropic fields. More explicitly, we construct, in a finite spherical volume, the coherent-mode representation for the scalar and vectorial light fields whose cross-spectral density at any frequency is proportional to the imaginary part of the infinite-space Green function or tensor. This form of the cross-spectral density is obtained for the fields generated by statistically homogeneous and isotropic source distributions within a low-loss medium; scalar and electromagnetic treatments are found in Refs. ͓7-9͔ and Ref. ͓10͔, respectively. For example, the electric cross-spectral density tensor of blackbody radiation belongs to this class of cross-spectral tensors ͓11-13͔. But in our analysis no thermal equilibrium needs to be assumed, and the field therefore may have an arbitrary spectrum. From a physical point of view, the fields that we consider correspond to a superposition of isotropically distributed and angularly uncorrelated random plane waves ͓14͔, which in the electromagnetic case further are completely unpolarized ͓15͔.
In the scalar case, the derivation of the coherent-mode representation relies on making use of a known expansion of the diverging spherical wave. On the other hand, the electromagnetic analysis is based on expanding the infinite-space Green tensor in terms of both transverse and longitudinal spherical vector wave functions by means of the OhmRayleigh method. In both cases, the distribution and shapes of the modes are demonstrated.
The paper is arranged as follows. Section II is a concise overview of the scalar theory of coherent modes. In Sec. III the theory is applied to random scalar fields whose crossspectral density function is proportional to the imaginary part of the infinite-space Green function. Section IV introduces briefly the electromagnetic theory of coherent modes, which then in Sec. V is employed for vector fields having the electric cross-spectral density tensor proportional to the infinitespace Green tensor. For readability, the mathematical details have been collected, in a self-contained manner, into Appendixes A-D.
II. COHERENT-MODE REPRESENTATION OF SCALAR FIELDS
We begin with a brief summary of the basic concepts pertaining to the coherent-mode representation of fluctuating, statistically stationary scalar fields. At any frequency , the coherence properties of the field at two points in space, r 1 and r 2 , are described by the cross-spectral density function, defined by the Fourier transform *Email address: Tero.Setala@hut.fi; FAX: ϩ358 9 451 3155. where ⌫͑r 1 ,r 2 ,͒ = ͗U * ͑r 1 ,t͒U͑r 2 ,t + ͒͘ ͑2͒
is the mutual coherence function. The function U͑r , t͒ is the complex analytic signal associated with the random scalar field, and the asterisk and angle brackets denote complex conjugation and averaging, respectively. The function ⌫͑r 1 , r 2 , ͒ characterizes the field correlations between the two points at time difference .
The scalar cross-spectral density functions are Hermitian and non-negative definite Hilbert-Schmidt kernels, and therefore they admit the following Mercer series representation ͑Ref. ͓1͔, Sec. 4.7.1͒: W͑r 1 ,r 2 ,͒ = ͚ n ␣ n ͑͒ n * ͑r 1 ,͒ n ͑r 2 ,͒. ͑3͒
The quantities ␣ n ͑͒ and n ͑r , ͒ are the eigenvalues and eigenfunctions, respectively, of a homogeneous Fredholm integral equation of the second kind,
where the integration is performed over the domain D ͑not necessarily finite͒ under consideration. If we define the inner product of two functions a͑r͒ and b͑r͒ over D to be
the set of eigenfunctions can be chosen to be orthonormal, i.e.,
where ␦ mn is the Kronecker delta. The factors n ͑r , ͒ satisfy the Helmholtz equation, and thus each term in the summation in Eq. ͑3͒ likewise obeys a pair of Helmholtz equations. Since the terms in the summation are of a spatially factored form, they represent elementary modes which are completely coherent, and therefore Eq. ͑3͒ is called the coherent-mode representation of the cross-spectral density function ͓1,2͔.
III. COHERENT-MODE REPRESENTATION OF A HOMOGENEOUS AND ISOTROPIC SCALAR WAVE FIELD
Consider next specifically the statistically homogeneous and isotropic scalar fields, whose cross-spectral density function is proportional to the imaginary part of the infinite-space Green function ͓7-9,14͔, i.e., to a sinc function. This functional form is found for the cross-spectral density of the wave field generated by any homogeneous and isotropic source distribution within a medium of negligibly small losses ͓7-9͔. Physically such a field is known to correspond to an isotropic distribution of angularly uncorrelated plane waves ͓14͔.
The cross-spectral density function that we consider is explicitly written as
where the coefficient a͑k͒ can be interpreted as the spectral density of the plane waves in the plane-wave representation We note that the function G͑r 1 , r 2 , k͒ is here called the infinite-space Green function, but when ⑀ = 1 it is usually referred to as the free-space Green function.
In the following, we construct the coherent-mode representation for the cross-spectral density function given in Eq. ͑7͒. Although W͑r 1 , r 2 , k͒ in Eq. ͑7͒ is for an infinite space, the expression that we derive is interpreted as the coherentmode representation in a finite spherical volume D, of radius d. By making use of Eqs. ͑A5͒ and ͑A8͒, we can directly write in the spherical polar coordinates
͑10͒
where j n ͑kr͒ and Y n m ͑ , ͒ are spherical Bessel functions and spherical harmonics, respectively. Next we define the functions
which are known to be solutions of the Helmholtz equation
and are finite at the origin ͑Ref. ͓16͔, Sec. 9.6͒. With the help of Eq. ͑A6͒, the functions mn ͑r , k͒ are found to be orthogonal in D, i.e.,
͑13͒
where
͑14͒
The first expression in Eq. ͑14͒ and Eq. ͑A10͒ indicate that if d → ϱ, then C n ͑k͒ → ϱ, which is one of the reasons for con-sidering a finite volume. The latter expression in Eq. ͑14͒ is obtained from Eq. ͑A11͒. For later purposes, we define the functions mn ͑r,k͒ ϵ 1
which constitute an orthonormal set of functions in D, i.e.,
͑16͒
Note that the orthogonality is due solely to the orthogonality with respect to the angular coordinates. Furthermore, the shapes of the functions mn ͑r , k͒ are independent of the size of the volume, only the normalization factors C n ͑k͒ depend on it.
In terms of the functions mn ͑r , k͒, we can now express the cross-spectral density function of Eq. ͑10͒ in the form
Using Eq. ͑16͒, one readily finds that the functions n ͑1͒ ͑k͒ of Eq. ͑18͒ and mn ͑r , k͒ of Eq. ͑15͒ are, respectively, the eigenvalues and the orthonormal eigenfunctions of the secondkind Fredholm integral equation whose kernel is the crossspectral density function given in Eq. ͑17͒. Consequently, Eq. ͑17͒ is, within a spherical domain of radius d, the coherent-mode representation of the cross-spectral density function which is proportional to the imaginary part of the infinite-space Green function. We remark that often only one index labels the modes, resulting in a single summation in the coherent-mode representation. In this case, however, the use of two indices is appropriate and, therefore, the mode representation consists of two summations. Furthermore, we note that the eigenvalue labeled by index n is ͑2n +1͒-fold degenerate. The corresponding 2n + 1 eigenfunctions, i.e., those with the same n but different m, are equally weighted in the mode representation, and are orthonormal as evidenced by Eq. ͑16͒. The spectral density of the field at point r is obtained directly as
which, when integrated over the volume D, yields the total energy of the field in D,
In obtaining this expression, we employed the facts that the eigenfunctions are normalized and that the eigenvalues are ͑2n +1͒-fold degenerate. Substituting the first expression of Eq. ͑14͒ into Eq. ͑18͒ and then using Eq. ͑A9͒, the summation in Eq. ͑20͒ can be carried out, resulting in
where V D is the volume of the sphere D. Exactly the same result is obtained by setting r 1 = r 2 in Eq. ͑7͒ and then integrating the ensuing expression over the volume D.
The distribution of the eigenvalues given by Eq. ͑18͒ is illustrated in Fig. 1 , where the dots show the behavior of the ratio n ͑1͒ ͑k͒ / 1 ͑1͒ ͑k͒ as a function of the mode number n. ͑The stars in Fig. 1 are related to the electromagnetic analysis, and are explained later in Sec. V of the paper.͒ The lower and upper dot curves correspond to spherical volumes of radius d / = 1000 and d / = 1500, respectively ͑ =2 / k is the wavelength of the light͒. Furthermore, for presentational reasons, the ratio n ͑1͒ ͑k͒ / 1 ͑1͒ ͑k͒ has been computed only for the indices n = ͕200, 600, 1000, . . . ͖. It is obvious that the bigger the volume, the more modes are needed to adequately represent the cross-spectral density function. We denote by n max the maximum value of index n for which the modes contribute significantly to the mode representation, and find from Fig. 1 that n max Х 6300 for d / = 1000, whereas n max Х 9450 for d / = 1500. For other values of radius d / , the curves representing the eigenvalues were observed to be similar in shape to those plotted in Fig. 1 , and n max was found to increase linearly with radius d / . Since there are 2n + 1 eigenfunctions for each n, the number of significant eigenfunctions is proportional to ͑d / ͒ 2 , i.e., to the surface area of the spherical volume D.
The shapes of the eigenfunctions mn ͑r , k͒ are illustrated in Fig. 2 , where the squared moduli are shown in polar plots for indices mn = ͕00, 01, 12͖. The graphs are for a spherical volume of radius d / = 1000, with kr = 10. In the direction specified by the angles ͑ , ͒, the value of the function is indicated by the distance from the origin, which is located in the middle of the graph. Dots are for j = 1, corresponding to both the scalar and the first set of electromagnetic eigenvalues, whereas stars are for j = 2, corresponding to the second set of electromagnetic eigenvalues. In both curves, the dots and stars are plotted for modes with number n = ͕200, 600, 1000, . . . ͖ and n = ͕1 , 400, 800, . . . ͖, respectively.
IV. COHERENT-MODE REPRESENTATION OF ELECTROMAGNETIC FIELDS
The coherent-mode representation of electromagnetic fields is constructed in full analogy to that of the scalar fields. We give here only a brief summary of the theory; for a complete treatment we refer to Ref.
The coherence properties of a stationary, random electromagnetic field are, at any frequency , described by the crossspectral density tensors ͓1͔. As is customary, we consider in the following only the electric component of the electromagnetic field. The electric cross-spectral density tensor is defined as
where ⌫ J ͑r 1 ,r 2 ,͒ = ͗E * ͑r 1 ,t͒E͑r 2 ,t + ͒͘ ͑23͒
is the electric mutual coherence tensor. The function E͑r , t͒ is the complex analytic signal representing the electric field vector. As seen from Eq. ͑23͒, the tensor ⌫ J ͑r 1 , r 2 , ͒ describes the electric-field correlations between two space-time points.
It is readily shown that the electric cross-spectral density tensor satisfies some specific Hermiticity, non-negative definiteness, and square-integrability conditions ͓5͔. These properties imply that it may be expanded as a Mercer series of the form ͓5,6͔
when the inner product for vector-valued complex functions in the volume D ͑not necessarily finite, in general͒ is defined to be
In Eq. ͑24͒, the quantities n ͑͒ and n ͑r , ͒ are the eigenvalues and vector-valued eigenfunctions, respectively, of the homogeneous Fredholm integral equation of the second kind,
The eigenvalues are real and non-negative, and the eigenfunctions form an orthonormal set in the sense that
͑27͒
Although the orthogonality does not automatically hold if an eigenvalue is degenerate, the corresponding eigenfunctions can always be made orthogonal.
It is straightforward to verify that the factors n ͑r , ͒ and the tensors
obey the appropriate Helmholtz equations and Maxwell divergence conditions. In addition, since the tensors W J n ͑r 1 , r 2 , ͒ are of a spatially factored form, they may be understood as elementary cross-spectral density tensors representing completely coherent ͑and completely polarized ͓17͔͒ electric fields in the space-frequency domain ͓18͔, in the sense of the definition of the spectral degree of coherence for electromagnetic fields ͓5,18,19͔,
In this equation
with the dagger standing for the Hermitian adjoint, denotes the Frobenius norm. Thus, in analogy with the scalar theory, Eq. ͑24͒ may be called the coherent-mode representation of the electric cross-spectral density tensor.
V. COHERENT-MODE REPRESENTATION OF A HOMOGENEOUS AND ISOTROPIC ELECTROMAGNETIC WAVE FIELD
Next we consider the specific electromagnetic fields whose electric cross-spectral density tensor is proportional to the imaginary part of the infinite-space Green tensor ͓10-13,15͔. A classic example of such a statistically homogeneous and isotropic random electromagnetic field is the blackbody radiation for which the cross-spectral density tensors already have been known for quite some time ͓11-13͔. Recently, it was demonstrated that all statistically homogeneous and isotropic current source distributions within a lowloss medium, not necessarily those in thermal equilibrium, generate a wave field whose coherence properties are described by the imaginary part of the infinite-space Green tensor ͓10͔. Analogously to the scalar case, such a field may be understood to consist of an isotropic distribution of angularly uncorrelated plane waves which, in addition, are unpolarized ͓15͔.
FIG. 2. Illustration of functions ͉ mn ͑r , k͉͒
2 for indices mn = ͕00, 01, 12͖, when the radius of the sphere is d / = 1000 and kr = 10. The value of the function is indicated by the distance from the origin, located in the center of each graph. The orientation of the coordinate axes is shown in the inset.
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A. Electric cross-spectral density tensor
The electric cross-spectral density tensor that we consider is written as ͓10-13,15͔
with the infinite-space Green tensor given by the expression ͓20͔
The tensor U J is the unit tensor and G͑r 1 , r 2 , k͒ is the scalar Green function introduced in Eq. ͑8͒. The imaginary part of G J ͑r 1 , r 2 , k͒, for real k, is readily obtained as
where R = R / R with R = r 1 − r 2 , and R = ͉R͉. Note that when 4a͑k͒ is equal to Planck's law, Eq. ͑31͒ is identical with the cross-spectral density tensor of blackbody radiation.
B. Spherical vector wave functions
As in the scalar case, we consider the field in a spherical volume, which suggests us to introduce the spherical vector wave functions ͓20-24͔. They are constructed from the scalar functions mn ͑r , k͒ of Eq. ͑11͒ as follows:
Note that when n = 0, so that necessarily also m = 0, the two latter functions are equal to zero, as can be seen from the explicit forms given in Eqs. ͑B2͒ and ͑B3͒. However, unless otherwise stated, the equations that we encounter are formally valid for n = 0 as well. Functions M mn ͑r , k͒ and N mn ͑r , k͒ obey the homogeneous vectorial wave equation, i.e.,
whereas the same is not true for functions L mn ͑r , k͒. From the definitions, one can readily verify that 
We also mention the following symmetry relations:
For this work, we need to know the orthogonality relations of the vector wave functions. They are obtained by straightforward, although quite lengthy, calculations outlined in Appendix B. We have included the derivation of the orthogonality relations for completeness, since in our analysis we use a somewhat different form for the functions mn ͑r , k͒ than seems to be customary in the literature ͓20,21͔. Often the angular part of mn ͑r , k͒ is written in terms of the associated Legendre functions and trigonometric functions, instead of the spherical harmonics that we employ ͓see Eq. ͑11͔͒. Use of trigonometric functions results in two sets of vector wave functions, one of which is even and the other odd in the angular variable .
In the sense of Eq. ͑25͒, the orthogonality relations in a finite spherical volume are of the form ͑see Appendix B͒
where C n ͑k͒ are the coefficients given in Eq. ͑14͒, and
We emphasize that the orthogonality properties in Eqs. ͑43͒-͑48͒ again are due to the orthogonality with respect to the angular coordinates only.
In an infinite space, the vector wave functions are not only orthogonal in indices m and n, but also with respect to wave number k, which constitutes a continuous set of variables. The orthogonality relations are explicitly written in the form ͑see Appendix B͒
͑55͒
where we have used subscript ϱ to emphasize that they are for an infinite space.
C. Expansion of the infinite-space Green tensor in terms of spherical vector wave functions
In this subsection, the infinite-space Green tensor given in Eq. ͑32͒ is expanded in terms of the spherical vector wave functions by means of the Ohm-Rayleigh method ͓20͔. Analogous expansions, in terms of appropriate vector wave functions, are explicitly known for the Green tensors in various geometries, including infinite space. However, we have included the derivation here since the longitudinal vector wave functions L mn ͑r , k͒ are often neglected ͓20͔, and because we use spherical harmonics in the mn ͑r , k͒ functions leading to orthogonality relations for the vector wave functions that are slightly different from those presented in some publications ͓20-22͔.
The infinite-space Green tensor obeys the following two wave equations ͓20͔:
where ١ i operates on the spatial coordinate r i and k is assumed to have a vanishingly small imaginary part. The Dirac ␦-function term on the right-hand side can be developed using the vector wave functions whose completeness ͓25͔ guarantees the existence of the following expansion:
where the integration variable is denoted by in order to distinguish it from the fixed wave number k. The first sum in the term involving the transversal wave functions starts with 1 since n = 0 corresponds to a zero term. Using the infinitespace orthogonality relations, Eqs. ͑50͒-͑55͒, we find that
leading to the following completeness relationship valid for an infinite space:
For the Green tensor, we consider the following trial expansion:
͑62͒
Inserting this expression and Eq. ͑61͒ into Eq. ͑56͒, then using Eq. ͑37͒, and noting that ١ ϫ L mn ͑r , ͒ =0 ͓from the definition ͑34͔͒, one obtains
and therefore
The integrations can be carried out analytically as demonstrated in Appendix C. Furthermore, at this stage, we perform the summations in the longitudinal part. These operations ͓see Eqs. ͑C1͒, ͑C2͒, ͑A5͒, and ͑C5͔͒ result in the expression 
where r Ͻ = min͕͉r 1 ͉ , ͉r 2 ͉͖, r Ͼ = max͕͉r 1 ͉ , ͉r 2 ͉͖, ␥ is the angle between r 1 and r 2 , and
Note that the vector functions with superscript ͑1͒ differ from the wave functions defined in Eqs. ͑35͒ and ͑36͒ in that they involve spherical Hankel functions instead of spherical Bessel functions. The functions with superscript ͑2͒, in addition to containing spherical Hankel functions, involve complex-conjugate spherical harmonics.
D. Coherent-mode representation of the cross-spectral density tensor in Eq. (31)
We are now in a position of constructing, in a finite spherical volume D, the coherent-mode representation of the cross-spectral density tensor that is proportional to the infinite-space Green tensor. We note that the last two terms in Eq. ͑66͒ are real, except for the prefactor 1 / k 2 , which nevertheless can be treated as a real number when the losses are vanishingly small. Inserting Eq. ͑66͒ into Eq. ͑31͒ and taking the imaginary part of the remaining terms as outlined in Appendix D, we arrive at the expression 
Inserting Eqs. ͑73͒ and ͑75͒, the first form of Eq. ͑14͒, and Eq. ͑49͒ into the above formula, rearranging the resulting expression, and then using Eq. ͑A9͒, we end up with
Exactly the same result is obtained by first taking the limit r 1 → r 2 in Eq. ͑31͒, giving
and then integrating the trace of W J ͑r , r , k͒ over the volume D. Figure 1 illustrates the distribution of the eigenvalues given in Eqs. ͑73͒ and ͑75͒, by showing the behavior of the ratios n ͑1͒ ͑k͒ / 1 ͑1͒ ͑k͒ ͑dots͒ and n ͑2͒ ͑k͒ / 1 ͑1͒ ͑k͒ ͑stars͒ as a function of the mode number n. The lower curve corresponds to a spherical volume of radius d / = 1000, whereas the upper curve is for d / = 1500. The eigenvalues are plotted only for certain modes; the dots and stars are for n = ͕200, 600, 1000, . . . ͖ and n = ͕1 , 400, 800, . . . ͖, respectively. As discussed earlier in connection with scalar fields, Fig. 1 evidences the fact that the bigger the volume, the more modes, in the electromagnetic case both mn ͑1͒ ͑r , k͒ and mn ͑2͒ ͑r , k͒ type, are required to represent the cross-spectral density tensor with a sufficient accuracy. We also observe that, to a good approximation, the number of significant modes, n max , is the same for both types of modes. Furthermore, the ratios n ͑1͒ ͑k͒ / 1 ͑1͒ ͑k͒ and n ͑2͒ ͑k͒ / 1 ͑1͒ ͑k͒ are also approximately equal and lie on the same curve for a fixed d, although they are strictly different, as can be seen from Eqs. ͑49͒, ͑14͒, and ͑A12͒. The shapes of the eigenfunctions mn ͑1͒ ͑r , k͒ and mn ͑2͒ ͑r , k͒ are demonstrated in Fig. 3 by showing in polar diagrams the behavior of their squared moduli for indices mn = ͕13, 14͖, when kr = 1 and kr = 10. The upper and lower rows correspond to functions mn ͑1͒ ͑r , k͒ and mn ͑2͒ ͑r , k͒, respectively, and the graphs are for a spherical volume of radius d / = 1000. In the direction specified by the angles ͑ , ͒, the modulus squared of the function is indicated by the distance from the origin, which is located in the center of each graph. We see from Fig. 3 that, when kr = 1, the absolute values of functions 13 ͑1͒ ͑r , k͒ and 13 ͑2͒ ͑r , k͒ are markedly different, but for kr = 10 they are quite similar. In fact, for any mn the squared moduli ͉ mn ͑1͒ ͑r , k͉͒ 2 and ͉ mn ͑2͒ ͑r , k͉͒ 2 have asymptotically as kr → ϱ the same angular dependence.
E. Degree of coherence of the field represented by the crossspectral density tensor in Eq. (31)
It is of interest to calculate the electromagnetic degree of coherence as given by Eq. ͑29͒ for the field characterized by the electric cross-spectral density tensor in Eq. ͑31͒. A direct substitution leads to ͑r 1 ,r 2 ,k͒ = 1 ͱ 3
where R = ͉r 1 − r 2 ͉. We point out that earlier a definition for the electromagnetic degree of coherence based on the visibility of intensity fringes in Young's double-slit interference experiment has appeared in the literature ͓26͔, evaluated also for blackbody fields ͓11,15͔. This definition results in a sinc function for the degree of coherence, i.e., The first zero of this function is located at R = / 2, demonstrating a generally accepted result that the coherence length of blackbody radiation is on the order of the wavelength for each spectral component. However, the degree of coherence in Eq. ͑81͒ qualitatively implies this result as well, as is evidenced by Fig. 4 , in which the quantities ͑r 1 , r 2 , k͒ and ͉ vis ͑r 1 , r 2 , k͉͒ are plotted as a function of R / . From Fig. 4 , or from Eq. ͑81͒, we also see that when r 1 → r 2 , then ͑r 1 , r 2 , k͒ → 1/ ͱ 3. This is due to the fact that blackbody radiation is a fully unpolarized field for which no definite phase relations exist between the three electric-field components at a single point ͑or between two points͒. Therefore, for this field, the degree of coherence assumes a value less than unity when r 1 → r 2 ͓19,31͔.
VI. SUMMARY AND CONCLUSIONS
We constructed, in a finite spherical volume, the coherentmode representation of specific statistically homogeneous and isotropic scalar fields whose cross-spectral density function is proportional to the imaginary part of the infinite-space Green function. To our knowledge, this is the first threedimensional scalar coherent-mode representation ever derived. Furthermore, we applied the recently formulated rigorous theory of electromagnetic coherent modes, and developed, in full analogy to the scalar case, the coherentmode representation for the field whose cross-spectral density tensor is proportional to the infinite-space Green tensor. The results cover the fundamental case of blackbody radiation, but are valid more generally. We also studied the energy distribution among the modes and illustrated, using polar graphs, the geometrical character of some of the lower-order modes.
We point out that two different definitions of the electromagnetic degree of coherence have appeared in the literature, one based on the average correlation between the electricfield components ͓5,18,19,30͔ and the other on the visibility of intensity fringes in Young's interference experiment ͓27-29͔ ͑see also Refs. ͓31,32͔͒. We compared these two degrees of coherence by computing them for the type of homogeneous and isotropic random fields considered in this work, e.g., blackbody radiation. We found that both quantities lead to the conclusion that, for every spectral component, the correlation length in blackbody radiation is on the order of the wavelength. However, only the correlation-based definition of the electromagnetic degree of coherence implies that the elementary modes, i.e., fields for which the crossspectral density tensor is of a spatially factored form, are fully coherent ͑and fully polarized͒. It is our hope that the work presented in this paper inspires further research on the electromagnetic theory of optical coherence, which so far has attracted considerably less attention than the customary scalar coherence theory, but which is of increasing importance in near-field optics, fiber optics, and in the studies dealing with light-matter interactions, for instance. 
where ͑ i , i ͒, with i = ͑1,2͒, are the angular coordinates of the position vectors r i , and ␥ is the angle between r 1 and r 2 . Normalization and orthogonality relation for spherical harmonics ͑Eq. 12.147 in Ref.
͑A6͒
Expansion of 1 / ͉r 1 − r 2 ͉ in spherical polar coordinates ͑Eq.
where r Ͻ = min͕͉r 1 ͉ , ͉r 2 ͉͖ and r Ͼ = max͕͉r 1 ͉ , ͉r 2 ͉͖. 
where r Ͻ = min͕͉r 1 ͉ , ͉r 2 ͉͖ and r Ͼ = max͕͉r 1 ͉ , ͉r 2 ͉͖. Furthermore, h n ͑1͒ ͑r͒ = j n ͑r͒ + in n ͑r͒, where n n ͑r͒ is the spherical Neumann function, is the spherical Hankel function of the first kind. The above equation holds assuming that F͑͒ is an even function of , F͑͒ / is an analytic function in the plane, and that k has a positive imaginary part. Special case of the above integral for spherical Bessel functions, with F͑͒ =1,
This result is obtained analogously to Eq. ͑A17͒, but noting in the derivation that when j n ͑r 2 ͒ is expressed in terms of the first-and second-order spherical Hankel functions, a first-order pole at = 0 is present, and needs to be taken into account. Operators ١ and ١ ϫ A in spherical polar coordinates,
where ͑r , , ͒ are the unit vectors along the axes of the coordinate system.
APPENDIX B: ORTHOGONALITY OF SPHERICAL VECTOR WAVE FUNCTIONS
The orthogonality relations are computed by substituting into Eq. ͑25͒ the explicit forms of the vector wave functions, which with the help of Eqs. ͑A19͒ and ͑A20͒ are found to be
In obtaining the last equation, Eq. ͑A2͒ is particularly useful. Note that M 00 ͑r , k͒ = N 00 ͑r , k͒ =0 ͓since P 0 0 ͑cos ͒ =1͔. The following integral appears often in deriving the orthogonality relations, and is given here for convenience:
which holds for all m , mЈ , n , nЈ. This formula is obtained by substituting from Eq. ͑A4͒ for spherical harmonics, carrying out the resulting integration using Eq. ͑A1͒, and then noting that for associated Legendre functions P n m ͑±1͒ = 0 for m 0 ͑Eq. 12.91 in Ref. ͓33͔͒. Equation ͑B4͒ can be verified also for index m = 0. Another integral involving angular coordinates that is frequently encountered is of the form
͑B5͒
which is obtained straightforwardly by using Eqs. ͑A4͒, ͑A1͒, and ͑A3͒. The orthogonality relations in Eqs. ͑43͒, ͑45͒, ͑50͒, and ͑52͒ are readily obtained by using Eqs. ͑B1͒-͑B3͒ in Eq. ͑25͒, and noting that in all cases we end up with the angular integration of Eq. ͑B4͒.
Orthogonality relations in Eqs. (44) and (51)
Use of Eqs. ͑B1͒ and ͑B3͒ in Eq. ͑25͒ straightforwardly leads to
͑B8͒
The angular integrations encountered in deriving this result are exactly those of Eqs. ͑A6͒ and ͑B5͒. Employing the asymptotic forms of spherical Bessel functions, Eqs. ͑A14͒ and ͑A15͒, we obtain the orthogonality relations given in Eqs. ͑44͒ and ͑51͒.
Orthogonality relations in Eqs. (46) and (53)
Substituting Eq. ͑B1͒ into Eq. ͑25͒, performing the angular integrations with the help of Eqs. ͑A6͒ and ͑B5͒, we find that
͑B9͒
Next we note that using Eqs. ͑B6͒ and ͑B7͒, this equation can be arranged as
͑B10͒
This form, with the help of Eqs. ͑14͒, ͑49͒, ͑A10͒, ͑A14͒, and ͑A15͒, implies the orthogonality relations in Eqs. ͑46͒ and ͑53͒.
Orthogonality relations in Eqs. (47) and (54)
The orthogonality relations, Eqs. ͑47͒ and ͑54͒, for the functions M mn ͑r , k͒ defined by Eq. ͑B2͒, are obtained from
The angular integration encountered in the derivation of this formula is the one given in Eq. ͑B5͒. Making use of Eqs. ͑14͒ and ͑A10͒ at once results in Eqs. ͑47͒ and ͑54͒.
Orthogonality relations in Eqs. (48) and (55) Inserting Eq. ͑B3͒ into Eq. ͑25͒, performing the angular integrations using Eqs. ͑A6͒ and ͑B6͒, we find that
Employing Eq. ͑B2͒, this formula takes on the form
͑B13͒
We see that use of Eqs. ͑14͒, ͑49͒, and ͑A10͒ in the above formula leads to the orthogonality relations given in Eqs. ͑48͒ and ͑55͒. ͭ ٌ 1 ϫ ͓j n ͑kr 1 ͒Y n m* ͑ 1 , 1 ͒r 1 ٌ͔ 2 ϫ ͓h n ͑1͒ ͑kr 2 ͒Y n m ͑ 2 , 2 ͒r 2 ͔, r 1 Ͻ r 2 ٌ 1 ϫ ͓h n ͑1͒ ͑kr 1 ͒Y n m* ͑ 1 , 1 ͒r 1 ٌ͔ 2 ϫ ͓j n ͑kr 2 ͒Y n m ͑ 2 , 2 ͒r 2 ͔, r 1 Ͼ r 2 ,
ͮ ͑C1͒
where ٌ i ϫ, with i = ͑1,2͒, operates on the vector r i . where ٌ i ϫ, with i = ͑1,2͒, operates on the vector r i , and r Ͻ = min͕͉r 1 ͉ , ͉r 2 ͉͖ and r Ͼ = max͕͉r 1 ͉ , ͉r 2 ͉͖. We point out that in Ref.
͓20͔ ͑p. 173͒ the pole at = 0 is not taken into account and, consequently, the last term of Eq. ͑C2͒ is missing in that work Here the second expression results from Eqs. ͑35͒ and ͑67͒. The third expression is obtained by noting that according to Eq. ͑A5͒, the sum involving spherical harmonics is purely real, and recalling that Re͓h n ͑1͒ ͑kr͔͒ Ϸ j n ͑kr͒ϷRe͓j n ͑kr͔͒ when k has a vanishingly small imaginary part. The sums involving other terms are treated in full analogy. It is readily verified that the computation of the imaginary part of Eq. ͑66͒ is formally the same as replacing the functions M mn ͑1͒ ͑r , k͒ and M mn ͑2͒ ͑r , k͒ with M mn ͑r , k͒, and the functions N mn ͑1͒ ͑r , k͒ and N mn ͑2͒ ͑r , k͒ with N mn ͑r , k͒.
